Pedestrian Models based on Rational Behaviour by Bailo, Rafael et al.
Pedestrian Models based on Rational Behaviour
Rafael Bailo, Jose´ A. Carrillo, Pierre Degond
Abstract Following the paradigm set by attraction-repulsion-alignment schemes,
a myriad of individual based models have been proposed to calculate the evolution
of abstract agents. While the emergent features of many agent systems have been
described astonishingly well with force-based models, this is not the case for pedes-
trians. Many of the classical schemes have failed to capture the fine detail of crowd
dynamics, and it is unlikely that a purely mechanical model will succeed. As a re-
sponse to the mechanistic literature, we will consider a model for pedestrian dynam-
ics that attempts to reproduce the rational behaviour of individual agents through the
means of anticipation. Each pedestrian undergoes a two-step time evolution based
on a perception stage and a decision stage. We will discuss the validity of this game
theoretical based model in regimes with varying degrees of congestion, ultimately
presenting a correction to the mechanistic model in order to achieve realistic high-
density dynamics.
1 Introduction
The behaviour of humans moving in crowds was studied early on from the engineer-
ing perspective [23, 28, 62]. These works were based on the observation of crowds,
either directly or through photographs and film, and ultimately aimed to provide
planning guidelines and construction directives such as [70, 71]. These studies have
always had an economic concern, but most importantly a safety outlook, as a good
understanding of crowd dynamics can help prevent the injuries and deaths which
derive from the confluence of inordinate numbers of people in places that are not
prepared for such occupancy [32, 33], for instance, as a result of a popular sporting
event [26] or a concert [48]. A review of incidents of this type can be found in [61].
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The walking behaviour of humans is extremely complex and not easy to capture
in models. The observed phenomena in crowds is often unintuitive, for instance,
small obstacles in the way of an exit can serve to stabilise the flow and make traffic
more efficient [32]; when it comes to emergencies, it is found that evacuation is
safer and more efficient at lower speeds [33].
Extensive experimental work in the area has focused in numerous aspects of the
dynamics of pedestrians, such as the behaviour of agents around bottlenecks [18,
19, 50], intersections [32], in counterflows [49], following behaviours [51], cluster
formation [56], the effects of fatigue [55] and the empirical relation between crowd
density and walking speed [67] (known as the fundamental diagram). These studies
have led to some understanding of the emergent features, those that arise not from
the actions of any particular individual but rather as a result of the interactions of
the collective. Stop-and-go waves [35], lane formation [37, 57] (somewhat a human
counterpart to flocking [64]), the crowding behaviour around bottlenecks [18, 33]
and the fluid-like properties (shockwaves, turbulence) displayed by extremely dense
crowds [34, 35] are just some examples of the rich and subtle properties of the
dynamics. Some of these features have been successfully reproduced in models, for
instance, lane formation in [36, 58]. Some, such as the fundamental diagram [75],
have evaded many modelling attempts and are still the subject of avid debate despite
substantial experimental work in the area [1, 47], often requiring studies specific to
particular configurations such as single direction flow [45, 67], behaviour around
bottlenecks [49], and assessment of the level of service [60, 63].
Pedestrians were early on modelled from a macroscopic perspective [39, 40, 53,
54], where only the features of the crowd as a whole (such as the pedestrian density,
the flow through a corridor or the emergence of consensus [11]) are of interest. Some
of these models are prescribed directly [43, 44, 46], and some derived from the
kinetic point of view [4, 21, 30]. An overview can be found in [5, 6]. Such models
have been successful in providing an understanding of the large-scale behaviour,
but provide no insight into the behaviour of individuals. The relation between the
microscopic dynamics and the macroscopic scale in general is an active area of
research. In humans, local effects have only been added to macroscopic models in
some cases [13].
Many individual-based models have also been developed. A recent review can be
found in [7]. These models are often based on alignment and force principles which
follow in the reductionist philosophies of the social field [52] and the social forces
[24], which gave rise to models such as [36]. These microscopic models sometimes
concern agents in the more abstract sense [9]. Often they deal with simple ‘animals’,
whether in general [22, 64, 65] or with a specific animal in mind [68, 69]. Sometimes
they involve alignment processes [15, 16], and phase transitions were detected early
on in works such as [73]. These abstractions serve to study the natural emergence of
self-organisation [14, 27] and swarming [12] as well as the methods to induce such
feature when they do not occur spontaneously [8, 10]. Furthermore, many agent
models have been developed specifically for pedestrians: early force models [29, 36]
and subsequent improvements [2, 59], models exploring self-organisation [31, 38,
51], as well as evacuation models [33]
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While the force-based models are ubiquitous and relatively successful, there is a
limit to what behaviours they can capture. Humans and their motion are not com-
pletely described by simple mechanistic models, as they fail to incorporate our ra-
tional behaviour. Not only are we capable of estimating the position and velocities
of moving obstacles [17], but we are able to assess the danger they pose to us [74].
The literature in biology, psychology and neuroscience points to the existence of
specialised neural mechanisms in the retina and the brain that enable pedestrians
to detect potential obstacles and to assess the time until the collision with said ob-
stacles occurs [42, 66]. Those heuristics are then used by the agents to make quick,
close-to-optimal adjustments to their trajectories in order to avoid possible collisions
[3, 25].
This work will discuss a model that attempts to replicate said rationality in or-
der to realistically simulate the dynamics of pedestrians. Based on the principles of
[58] and the formulation of [20], the model fundamentally consists of a two-step
evolution process: the first step involves the evaluation of heuristics of the environ-
ment and their use to estimate the proximity and dangerousness of encounters; the
second concerns the decision-making process of each agent, which will involve an
optimisation game in order to remain in motion towards a target while avoiding po-
tential collisions. Section 2 introduces the model in its original formulation, as well
as a number of implementation alternatives. Section 3 develops improvements and
variations aimed to generalise the model to multiple situations and density regimes.
Section 4 concludes the presentation of the model in a final assessment and presents
the outlook of this work.
2 A Model with Rational Behaviour
The pedestrian model of [20, 58] simulates the rational decision-making involved in
the steering behaviour of agents. This model is an attempt to capture the complex-
ity behind the steering behaviour of pedestrians. Collision avoidance on humans is
an intricate conscious process, and any attempts to reproduce it through a purely
mechanical set of rules can only achieve limited success.
The following section presents the formulation of the model as well as some
implementation details. The model is conceptually fractioned into two steps: a per-
ception stage and a decision stage. The perception stage comprises the use of vi-
sual stimuli to inform pedestrians of their environment, the surrounding obstacles
(moving or not), and any potential collision. The decision stage encompasses the
mechanisms through which each agent judges available paths and resolves to move
in a specific direction.
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2.1 Perception Stage
The perception stage is the first step towards collision avoidance in the model.
Pedestrians in this stage derive heuristics about their environment based on the po-
sition and velocity of visible obstacles (objects or other pedestrians). The heuris-
tics are first examined for encounters between only two agents. Afterwards, global
heuristics are considered.
2.1.1 Pairwise Encounters
We shall first study a binary encounter, consisting of two pedestrians i and j which
happen to approach each other as they move towards their targets. We assume that
agent i is aware of his own position xi and velocity vi and can also perceive j’s x j
and v j accurately. This knowledge shall be used to derive heuristics that will inform
the decision making in the next section.
Throughout the text we will use the terms collision, interaction and encounter
interchangeably. All of these refer to a situation where two pedestrians approach
enough to enter each other’s personal space; as a result they might be at risk of
colliding, and the interaction must be resolved.
If the velocities of the agents are momentarily constant, their distance as a func-
tion of time can be expressed as:
d2i, j (t) =
∥∥x j + v jt− xi− vit∥∥2 , (1)
=
∥∥v j− vi∥∥2(t + (x j− xi) · (v j− vi)∥∥v j− vi∥∥2
)2
(2)
+
∥∥x j− xi∥∥2− ((x j− xi) · (v j− vi))2∥∥v j− vi∥∥2 .
The time to interaction of i and j, τi, j, is the time that minimises di, j. This can be
found by inspection of (2), namely:
τi, j = argmin
t∈R
{
di, j
}
=− (x j− xi) · (v j− vi)∥∥v j− vi∥∥2 . (3)
Note that this time may be negative if the pedestrians are moving away from each
other, i.e. (x j− xi) · (v j− vi)> 0; see Fig. 2.
Further useful quantities can be derived from τi, j; see Fig. 1. The point of closest
approach of i to j, pi, j, is the point along the trajectory of i where the agents will be
closest: ∥∥pi, j− p j,i∥∥= min
t∈R
∥∥xi(t)− x j(t)∥∥ and pi, j = xi + viτi, j. (4)
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Fig. 1 Dissection of a binary
pedestrian encounter. Agent
i extrapolates his and j’s
trajectories assuming their
respective velocities will
remain constant. This allows
the estimation of distance of
closest approach Ci, j as well
as the distance to interaction
Di, j .
vi
xi
v j
x j
pi, j
p j,i
0≤ Di, j ≤ L
Distance to Interaction
0≤Ci, j ≤ R
Distance of Closest Approach
The distance to interaction of i with j, Di, j, is the distance of i to pi, j, that is:
Di, j =
∥∥pi, j− xi∥∥= τi, j ‖vi‖=− (x j− xi) · (v j− vi)∥∥v j− vi∥∥2 ‖vi‖ . (5)
Last but not least, the distance of closest approach of i and j, Ci, j:
Ci, j =
∥∥pi, j− p j,i∥∥=(∥∥x j− xi∥∥2− ((x j− xi) · (v j− vi))2∥∥v j− vi∥∥2
) 1
2
. (6)
It is worth noting that τi, j and Ci, j are symmetric for i and j.
2.1.2 Assumptions on the Heuristics
We will make a number of assumptions about the quantities derived above which
will dictate what encounters can be considered by pedestrians:
1. τi, j > 0 and Di, j > 0. From its definition on (3), it is clear that τi, j will be a neg-
ative number whenever (x j− xi) · (v j− vi)> 0. Geometrically, the inner product
is positive whenever pedestrians i and j are moving away from each other; see
Fig. 2. As such, we can limit our consideration to positive values of τi, j (and
by extension Di, j), since pedestrians that are separating will simply ignore each
other because there is no potential collision.
2. Di, j < L. The bound on the distance to interaction reflects the fact that i does not
react to obstacles beyond a certain distance. L can be thought of as a visual hori-
zon for pedestrians that limits their interactions. The encounters will be ignored
unless they are sufficiently close.
3. Ci, j < R. In the same vein, the bound on the distance of closest approach points
to the fact that i does not account for obstacles that will never be close by. R is a
measure of the personal space of the agents. Unless this space is invaded, there
is no reaction.
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Fig. 2 Approaching pedestri-
ans. Agent i only considers j
if they are approaching, i.e. if
(x j− xi) · (v j− vi)< 0.
x j− xi
vi
v j
v j− vi
xi
x j
4. Only visible pedestrians are considered. An agent i cannot consider j for collision
avoidance without seeing them since all the heuristics are derived from optical
stimuli. Pedestrian j is visible from i’s point of view whenever:
(x j− xi) · vi∥∥x j− xi∥∥‖vi‖ > cos(ϑ/2), (7)
for agents with a horizontal field of view ϑ . In humans, ϑ = 7pi/6 [72].
2.1.3 Global Encounters
While the pairwise encounters of Section 2.1.1 are the typical interaction between
pedestrians in situations of low agent concentration, more complex configurations
are expected in the higher density regimes. A characterisation of arrangements in-
volving more than two pedestrians is required.
The pairwise heuristics presented above can be combined to render global heuris-
tics describing more intricate encounters. In order to do so, we will assume that
pedestrians react first to whichever interaction is closest. Given two potential colli-
sions, the agent will avoid the nearer one first, and then deal with the further one if
necessary.
Bearing in mind the order of interactions, it is straightforward to define the global
distance to interaction for i, Di:
Di = min
j
{
Di, j
}
for suitable j. (8)
Admissible agents j for the minimisation are the agents perceived by i, i.e. those
satisfying the assumptions from Section 2.1.2 together with i. The definition of the
global distance of closest approach for i, Ci follows immediately as a consequence
of this choice:
Ci =Ci, j for j that minimises (8). (9)
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Both of these global heuristics will be used to inform the pedestrian during his
choice of direction on the next phase.
2.2 Decision Stage
The decision stage is the second and last step towards collision avoidance in the
model. Following the obtention of global heuristics during the previous phase,
pedestrians must now employ said heuristics in order to decide how to alter their
trajectory.
In deciding on a new path, it is helpful to portray the heuristics of each pedes-
trian as functions of their velocity. Each of the quantities is transformed into a map
by allowing vi to become a variable: Di, j (v) and Ci, j (v). In [20] pedestrians are as-
sumed to have a uniform speed s, and thus the heuristics are purely functions of the
direction ω .
Each agent can use the perceived overall heuristics to inform their choice of
velocity. The decision obeys two antagonist interests: navigation towards a target
and obstacle avoidance. Pedestrians will maintain their target velocity v∗i consisting
of their comfort speed s∗i and their target direction ω∗i whenever possible. They will
only deviate from this velocity when a collision is about to occur. Agents will then
consider directions within their field of view and make a choice that resolves the
collisions while deviating minimally from the target.
Fig. 3 A pedestrian considers
possible paths. They intend
to remain in motion towards
the target but must avoid
colliding with other agents.
Both of these goals must be
considered in deciding on a
new direction.
Possible paths
2.2.1 The Decision Potential
The task of finding a suitable direction can be cast as a game-theoretical problem
involving the minimisation of a cost. We formulate this task through the decision
potential or decision function Φi(v). This function must reflect the wishes and ten-
dencies of the agents: to move according to a navigation goal and to resolve potential
collisions. Suitable velocities, which are clear of interactions and oriented towards
8 Rafael Bailo, Jose´ A. Carrillo, Pierre Degond
the target, will yield low values of Φi. Less suitable velocities, either incurring col-
lisions or leading away from the target, will have higher costs.
Each pedestrian will choose the optimal velocity according to the decision po-
tential and evolve through an interval of time ∆ t before making a new choice. This
minimisation reflects the decision-making of pedestrians, who strive to always move
towards their target while avoiding collisions with a minimal amount of steering.
Letting uni be the minimiser at the n-th step, the evolution of each agent will be
written as a difference equation:
xn+1i = x
n
i +u
n
i ∆ t, u
n
i = argmin
v
Φni (v) . (10)
2.2.2 A Choice of Potential
The formulation of [20] proposes the decision function:
Φi (v) =
k
2
‖Div−Lv∗i ‖2 , (11)
where k is a positive constant and v∗i is the target velocity of agent i.
The workings of each individual tendency are reflected on the potential. Φ pe-
nalises deviations of v from v∗i (moving away from the target) as well as deviations
of Di from L (potential collisions). In the absence of other pedestrians Di ≡ L and
thus Φi (v)≡ kL2 ‖v− v∗i ‖2 /2, a convex cost with unique minimum v = v∗i .
2.3 A Gradient-Based Formulation
The model as presented thus far is computationally costly; numerically solving two
minimisation problems per pedestrian per step is not practical. Furthermore the
choice of time step can be problematic: ∆ t <Di/‖vi‖ is required in order to success-
fully resolve collisions, but too small a step can result on the velocity of an agent
varying erratically when interacting with a large number of pedestrians in a dense
setting.
An alternative is to formulate the decision-making process in terms of the gradi-
ent of the decision function through the differential equation:
dxi
dt
= vi,
dvi
dt
=−∇vΦi (vi) . (12)
While (12) is governed by similar principles to those of the optimisation model, it
yields a continuous dynamic that accounts for a decision-making process similar to
that of (10) but lets agents gradually shift towards suitable velocities by descending
the gradient of Φ .
Pedestrian Models based on Rational Behaviour 9
2.3.1 Optimality versus Efficiency
The gradient scheme (12) provides an efficient alternative to the optimisation for-
mulation, as the numerical computation of ∇Φ once per agent per time step is inex-
pensive when compared with the performance of any optimisation scheme that may
be used to approximate the global minimiser.
The optimisation scheme (10) remains the preferable method for simulations in-
volving a small number of agents and low densities, as it guarantees the optimal
choice of velocity for all agents. Gradient descent may simply not reach the global
minimum that would be found otherwise, as it may stall upon reaching a local min-
imum. However, in high-density regimes the decision potential becomes volatile, as
the increased interaction rate rapidly changes the cost of each velocity; local min-
ima are unlikely to persist. Furthermore, the global minimum may change abruptly
and repeatedly, which would result in rapid switching of agent directions. A gradi-
ent method appears more suitable, as simply shifting away from high-cost velocities
might be sufficient for collision avoidance.
2.4 Summary of the General Model
Consider N pedestrians, where agent i has position xi, velocity vi, and target velocity
v∗i . The dynamics will be given by the solution to either (10):
xn+1i = x
n
i +u
n
i ∆ t, u
n
i = argmin
v
Φni (v) , (13)
or (12), namely:
dxi
dt
= vi,
dvi
dt
=−∇vΦi (vi) . (14)
The evaluation of the decision potential Φ is as follows:
1. For each pair of agents i and j, compute the heuristics Di, j and Ci, j as defined in
(5) and (6):
Di, j =− (x j− xi) · (v j− vi)∥∥v j− vi∥∥2 ‖vi‖ , (15)
Ci, j =
(∥∥x j− xi∥∥2− ((x j− xi) · (v j− vi))2∥∥v j− vi∥∥2
) 1
2
. (16)
2. Decide whether i will take j into account using the conditions from Section 2.1.2:
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Di, j < L, (17)
Ci, j < R, (18)
(x j− xi) · (v j− vi)< 0, (19)
cos(ϑ/2)<
(x j− xi) · vi∥∥x j− xi∥∥‖vi‖ . (20)
3. Obtain overall heuristics Di and Ci as defined in (8) and (9):
Di = Di, j∗ , Ci =Ci, j∗ , j∗ = argmin
j
{
Di, j
}
. (21)
4. Use the global heuristics to construct the cost function Φi as defined in (11).
3 Towards a High Density Model
The model of [20] is explicitly formulated for low pedestrian densities, where all
agents have a uniform, constant speed. Moving at such a speed is simply infeasible
in more congested regimes, as agents will be required to slow down or even stop
completely in order to avoid collisions. Even groups where all the agents move in
the same direction will show a reduction on speed whenever the intra-crowd density
is beyond some thresholds [75].
This section presents a study of the original formulation, followed by a series of
variations of the model that aim to extend its validity to pedestrians with variable
speeds and scenarios of higher densities.
3.1 A Frontal Collision
Fig. 4 Study of a frontal colli-
sion. Agents i and j are placed
in a simple arrangement, at a
distance 2d and approaching
in a straight line, each with
speed s. The possible veloci-
ties for i are parametrised as
v = s(cosθ ,sinθ).
vi = (s,0)
xi = (−d,0)
v j = (−s,0)
x j = (d,0)
A natural range of validity for the model can be obtained by considering a frontal
encounter of two pedestrians and studying the corresponding decision function un-
der the framework of (10). For simplicity, we choose:
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xi = (−d,0) , x j = (d,0) , (22)
vi = (s,0) , v j = (−s,0) ,
for given distance d and speed s. Considering a test velocity for agent i, v =
s(cosθ ,sinθ), and ignoring variations on the speed as per the original formulation,
it can be readily verified:
τi, j (v) =
d
s
, Di, j (v) = d, Ci, j (v) =
√
2d2 (1− cosθ). (23)
Di(v) is thus equal to d if i perceives j and equal to L otherwise. The decision
function reduces to:
Φi (v) =
ks
2
(
L2 +d2
2
−Ld cosθ
)
if i perceives j,
ks2L2 (1− cosθ) otherwise.
(24)
If we assume d < L, then the perception of j by i is conditioned solely by Ci < R,
which yields:
|θ |< θ ∗ := arccos
(
1− R
2
2d2
)
. (25)
Each segment of Φ now has clear minima: the perception section, where θ ver-
ifies (25), has its minimum at θ = 0 and takes the value Φ (0) = ks2 (L−d)2 /2;
the remaining section has its minima at the boundary of the two regions, |θ | = θ ∗,
where Φ (θ ∗) = ks2L2R2/2d2.
In order for the collision to be successfully resolved, the central minimum must
not be selected in (10). The wrong choice is made whenever Φ (0) < Φ (θ ∗), and
this criterion can be used to ascertain validity:
Φ (0)<Φ (θ ∗) ⇐⇒ d2 (L−d)2 < L2R2, (26)
since k > 0,s > 0.
Given that L and R are constants, the resulting polynomial of d, p(d) :=
d2 (L−d)2, encodes the fate of the interaction. In order to navigate the collision
successfully, the condition of (26), rewritten as p(d) < L2R2, must be violated at
some point as the agents i and j approach. Recall Di, j = d; if the condition is met
for large d (say, d = L) and continues to hold as d→ 0, the agents will collide.
The polynomial p(d) is a monic quartic with double roots at d = 0 and d = L.
Naturally, this suggests a single maximum at d = L/2, with p(L/2) = L4/24. This
extremum must exceed L2R2; otherwise (26) is valid for all d ∈ (0,L), and a collision
occurs. Simplifying:
p
(
L
2
)
< L2R2 ⇐⇒ L < 4R. (27)
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Fig. 5 Comparison of Φi for the frontal collision. d = 1.0,s = 1.0,k = 1.0. Top: L = 2.0,R = 0.4.
The global minima correctly fall to either side of the region of interaction. Bottom: L = 2.0,R =
1.0. The global minimum appears at θ = 0, leading to a collision.
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The comparison yields L < 4R as a sufficient condition for the model to fail by
means of the interaction minimum (θ = 0) becoming the global minimum, resulting
in a collision (see Fig. 5). (27) amounts to a natural scale of the model, which is only
valid in regimes where LR, i.e. the visual horizon is much larger than the personal
space of the agents. A large horizon is a characteristic of low-density scenarios,
which justifies the original choice of prescribing the model for such regimes and
constant speeds. Denser scenarios typically show L∼ R, as agents can only consider
nearby interactions, which takes the model outside its region of validity.
3.2 Grading by Collision Severity
Following the analysis of the original model, and considering the natural scale found
in Section 3.1, we aim to extend this model to higher-density regimes where the
criterion L≤ 4R might be met.
A straightforward solution to the model choosing the erroneous central minimum
is simply removing the minimum altogether. Notice that, while both global heuris-
tics Di and Ci are used to discern what pedestrians need to be considered by i for
collision avoidance, only Di appears explicitly on the potential. Recall that Ci is a
measure of the severity of an interaction, ranging from 0 for a full collision to R for
no interaction at all. Thus penalising deviations of Ci from R on top of the existing
penalisations in (11) will result in a higher cost at points of full collision, namely,
the troubling point θ = 0. We propose:
ΦC,i (v) =
k
2R2
‖DiCiv−LRv∗i ‖2 . (28)
Fig. 6 shows the analogous of Fig. 5 for the new cost ΦC. Fig. 7 shows the result
of a numerical simulation of the frontal collision under ΦC.
3.3 Modelling Variable Speeds
To continue the generalisation of the model towards high-density regimes, we must
allow for variations on the speed of pedestrians. Unfortunately the decision func-
tions Φ and ΦC have an unintended side effect on the choice of speeds.
Recall that both functions involve penalisations whenever the distance to inter-
action Di is less than L. In the case of the frontal encounter discussed above, under
the gradient formulation, accelerating towards j guarantees an increase of Di (and
therefore a decrease of the cost), as the collision will occur closer to j. Hence, under
the models discussed thus far, pedestrians navigating frontal collisions will accel-
erate towards rather than away from each other if the speed is allowed to vary. See
Fig. 8 and Fig. 9 for a visualisation of the cost.
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Fig. 6 Comparison of ΦC,i for the frontal collision. d = 1.0,s = 1.0,k = 1.0. Contrary to Fig. 5,
both sets of parameters yield correct shapes. In particular, the central minima have disappeared.
Top: L = 2.0,R = 0.4. Bottom: L = 2.0,R = 1.0.
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t = 0.0 t = 4.1
t = 1.9 t = 4.6
t = 3.1 t = 7.0
Fig. 7 Frontal collision—C decision potential. Simulation of the frontal collision described in
Section 3.1 under the decision function ΦC using the gradient formulation. The two agents can
be seen reacting to each other from a distance, steering to avoid the collision before recover-
ing their desired direction. L = 2.0,R = 1.0. Interactive simulations available online at rafael-
bailo.com/rationalbehaviour/.
Such peculiar acceleration suggests controlling the speed of pedestrians directly
on the cost to avoid huge fluctuations away from the comfort speed s∗i . We propose:
ΦS,i (v) =ΦC,i (v)+
k˜
2
(
‖v‖2−‖v∗i ‖2
)2
, (29)
=
k
2R2
‖DiCiv−LRv∗i ‖2 +
k˜
2
(
‖v‖2−‖v∗i ‖2
)2
.
Fig. 10 shows the modified decision potential. The minima can now be seen close
to the target speed and away from the boundary.
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Fig. 8 Φi as a function of s and θ for the frontal collision. d = 1.0,k = 1.0,L = 2.0,R = 0.4.
Observe the marked global minimum on the boundary s = 1.5s∗; agent i will accelerate forward,
in a direction close to the collision.
Pedestrian Models based on Rational Behaviour 17
Fig. 9 ΦC,i as a function of s and θ for the frontal collision. d = 1.0,k = 1.0,L = 2.0,R = 0.4.
Again the global minima lie on the boundary s = 1.5s∗, leading to forward acceleration.
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Fig. 10 ΦS,i as a function of s and θ for the frontal collision. d = 1.0,k = 1.0,L = 2.0,R = 0.4.
Observe the marked minima have shifted away from the boundary and now sit close to s = s∗.
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3.4 Environmental Coercion
The modified decision potential from (29), ΦS, satisfactorily reflects the steering be-
haviour of pedestrians. As was discussed in Section 2, this decision function encodes
the game-theoretical nature of human collision avoidance, where agents resolve po-
tential collisions while attempting to remain in motion towards their target. This
potential has been generalised to situations beyond the original scope (discussed
in Section 3.1), allowing pedestrians to resolve collisions in high-density regimes
where not every agent is able to constantly move at their desired speed.
The models as discussed thus far are only concerned with the rational avoidance
of collisions by agents. However, we are yet to account for external factors that may
influence the dynamics in high-density regimes. The constrains of these scenarios
will be included in the gradient formulation through an additional term, the environ-
mental coercion εi:
dxi
dt
= vi,
dvi
dt
=−∇vΦS,i (vi)+ εi. (30)
Observe the dychotomy of the decision potential ΦS,i and the environmental co-
ercion εi. As discussed, the decision function is the principal driver of the pedestrian
dynamics. The goals, strategy and overall rationality of human motion are encoded
through a game of anticipation and optimisation. The predictive nature of the po-
tential is made explicit through the dependence on v; the decision-making is always
based on the predicted future state of the agents. Meanwhile, the environmental
factor can be thought of as a higher-order correction to the model. This additional
component must never dominate the dynamics and will only become significant as
the pedestrian density becomes high. The term is only allowed a dependency on
present state of the agents, as it is solely a constraint due to the current density and
not a rational decision process.
3.4.1 Repulsion as Anticipation
A typical feature of high-density regimes is distance-keeping: pedestrians, particu-
larly when in motion, maintain a safe distance away from all other agents, whether
a collision is imminent or not. This amounts to a probabilistic form of collision pre-
vention; in avoiding close proximity, the agents are decreasing the likelihood of a
collision due to a sudden change in direction by a neighbour.
The avoidance can be modelled through the introduction of an agent-to-agent
force. The environmental coercion of (30) can be defined as a soft repulsion term:
ε f ,i (xi) :=∑
j 6=i
f
(∥∥x j− xi∥∥) x j− xi∥∥x j− xi∥∥ . (31)
An intuitive choice is to set f as the derivative of a radial potential, for instance:
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f (r) :=
dV
dr
(r) , V (r) = D
exp
{−ar2}
rp
, (32)
where a,D and p are positive constants; see Fig. 11.
Fig. 11 Plot of the radial
potential V and its derivative
f (r) := dVdr (r).
0
r
V (r)
dV
dr (r)
It is important to ensure the repulsion does not dominate the dynamics, as the
collision avoidance mechanism is sufficient in most cases. For instance, the frontal
collision of Section 3.1 can and will be resolved by steering through the choice
of a suitable decision function such as (28) or (29); the forces should play no role
here. The function f should decay rapidly to prevent middle to long distance effects,
and it should be weighted by a suitably small coefficient in order to avoid sudden
changes in the direction of pedestrians. Only agents that remain under close prox-
imity during an interval of time longer than timescale of the typical collision ought
to be noticeably affected by the repulsion effects.
Since the typical high-density scenario involves a large number of agents moving
through a narrow geometry, it may be useful to add a similar repulsion term between
each agent and the surrounding walls. Without such a term, the forces within the
crowd will push agents near the boundary against the walls. This repulsion will be
of a similar intensity as the agent-to-agent force, but it is imperative that it only acts
on agents that approach the wall. Agents standing near a wall or moving parallel to
it should experience no repulsion.
Fig. 12 shows the result of the numerical simulation of a large crowd incorporat-
ing the repulsion effects.
3.4.2 Friction and the Fundamental Diagram
Another relevant behaviour in the dynamics of pedestrians is the inability to walk
at full comfort speed within large crowds, even if everyone in the crowd is moving
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t = 0.0
t = 9.0
Fig. 12 Large crowd—repulsion effects. Simulation of a large crowd with an incoming col-
lision incorporating the repulsion effects of (31) using the gradient formulation. Agents at the
front of the crowd steer to avoid the collision. After resolving the interaction, the repulsion ef-
fect causes the agents to reclaim the space that has been created on the trail of the agent, pro-
gressively returning to a homogeneous configuration. Interactive simulations available online at
rafaelbailo.com/rationalbehaviour/.
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t = 16.0
t = 21.0
Fig. 12 Large crowd—repulsion effects (Continued)
with the same velocity. The term fundamental diagram refers to the empirical rela-
tion between crowd density and crowd speed. It has been observed that while pedes-
trians move at their comfort speed when moving in low densities, their movement
is impaired by higher densities and their average speed is reduced; upon reaching a
certain threshold the crowd is brought to a standstill.
This speed-density coupling can be thought of a frictional force whose intensity
depends on the local density of agents. Here, the local density ρi is the density
perceived by agent i, which is in turn a function of the number of agents within
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i’s cone of vision. Given the number of agents perceived by i, Ni, the average area
occupied by a pedestrian Ap and the area of the cone of vision Ac, the local density
is simply aproximated by the ratio:
ρi ' Ni ApAc , (33)
see Fig. 13 for further insights.
Fig. 13 The cone of vision.
Detail of the average area of a
pedestrian Ap and the area of
the cone of vision Ac. Observe
that only two other agents fall
within the cone of vision,
Ni = 2.
Area of the cone of vision, Ac
Average area of a pedestrian, Ap
Number of agents perceived by i, Ni = 2
Ap
The simplest frictional force can then be written as
εµ,i (xi,vi) :=−µ (ρi)vi. (34)
The overall environmental coercion, a combination of the repulsion ( f ) and the fric-
tion (µ) terms, becomes:
εi (xi,vi) :=ε f ,i (xi)+ εµ,i (xi,vi) (35)
=∑
j 6=i
f
(∥∥x j− xi∥∥) x j− xi∥∥x j− xi∥∥ −µ (ρi)vi.
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One basic possibility for the friction is µ (ρ) ∝ ρmax/(ρmax−ρ), for a stopping
density ρmax; see Fig. 14.
Fig. 14 Plot of the inten-
sity of the frictional ef-
fect as a function of ρ , for
a stopping density ρmax.
µ (ρ) ∝ ρmax/(ρmax−ρ).
ρmax
ρ
µ
(ρ
)
As in the case of the repulsion effects in Section 3.4.1, it is crucial that the friction
term only dominates the dynamics in scenarios where the agent density is high. Fast,
small fluctuations of the density when resolving interactions should not result in
variations of the speed, as it is known that pedestrians would rather steer than deviate
from their comfort speed when avoiding collisions. The effects of the new friction
must only become apparent when the concentration of agents makes it impossible
to avoid collisions while cruising at comfort speed.
Fig. 15 shows the result of the numerical simulation of a large crowd incorporat-
ing the frictional effects.
3.5 Summary of the Modified Gradient Model
Consider N pedestrians, where agent i has position xi, velocity vi, and target velocity
v∗i . The dynamics will be given by the solution to (30), namely:
dxi
dt
= vi,
dvi
dt
=−∇vΦSi (vi)+ εi. (36)
The evaluation of the decision potential ΦS is as follows:
1. For each pair of agents i and j, compute the heuristics Di, j and Ci, j as defined in
(5) and (6):
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t = 0.0
t = 16.0
Fig. 15 Bottleneck—frictional effects. Simulation of a large crowd navigating a bottleneck in-
corporating the frictional effects of (34) using the gradient formulation. Agents at the front of
the crowd are able to enter the corridor unobstructed. As people begin to occupy the corridor
the entrance quickly becomes crowded. Pedestrians waiting to enter are brought to a complete
standstill until the density in front of them decreases. Interactive simulations available online at
rafaelbailo.com/rationalbehaviour/.
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t = 21.0
t = 31.0
Fig. 15 Bottleneck—frictional effects (Continued)
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Di, j =− (x j− xi) · (v j− vi)∥∥v j− vi∥∥2 ‖vi‖ , (37)
Ci, j =
(∥∥x j− xi∥∥2− ((x j− xi) · (v j− vi))2∥∥v j− vi∥∥2
) 1
2
. (38)
2. Decide whether i will take j into account using the conditions from Section 2.1.2:
Di, j < L, (39)
Ci, j < R, (40)
(x j− xi) · (v j− vi)< 0, (41)
cos(ϑ/2)<
(x j− xi) · vi∥∥x j− xi∥∥‖vi‖ . (42)
3. Obtain overall heuristics Di and Ci as defined in (8) and (9):
Di = Di, j∗ , Ci =Ci, j∗ , j∗ = argmin
j
{
Di, j
}
. (43)
4. Use the global heuristics to construct the cost function ΦS as defined in (29).
The computation of the environmental coercion consists of two parts:
1. The distance keeping term, as defined in (31):
ε f ,i (xi) :=∑
j 6=i
f
(∥∥x j− xi∥∥) x j− xi∥∥x j− xi∥∥ . (44)
2. The frictional term, as given by (34):
εµ,i (xi,vi) :=−µ (ρi)vi. (45)
The overall coercion term is the sum of the individual effects, εi = ε f ,i + εµ,i.
One last numerical simulation is presented in Fig. 16, demonstrating the inter-
play between the different components of the model. Two crowds traverse a corridor
in opposite directions. Initially each crowd is sparse, and agents are able to move
comfortably in straight paths. As the two groups approach, interactions occur at the
interface and collisions begin to be resolved. Simultaneously, as the crowds move
through each other, the agent density becomes sufficiently high for the environmen-
tal constraints to manifest, leading to distance-keeping behaviour from pedestrians.
Lane formation [36, 41] is observed, not as a consequence of the initial configura-
tion of the agents but as a combined effect of the avoidance behaviours.
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t = 0.0
t = 19.0
Fig. 16 Corridor—high-density setting. Simulation of two dense crowds traversing a corridor
in opposite directions using the gradient formulation. Agents are able to enter the corridor unob-
structed at first. The initial interactions are quickly resolved through the formation of lanes, which
persist in time. Interactive simulations available online at rafaelbailo.com/rationalbehaviour/.
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t = 31.0
t = 46.0
Fig. 16 Corridor—high-density setting (Continued)
4 Conclusion and Outlook
This work has presented an individual-based model for pedestrians based on a game-
theoretical principle that aims to accurately reproduce the rational behaviour of
walking humans. We have explored the original formulation, which involves the
use of heuristics in a decision process in order to avoid collisions. We have also
explored a series of modifications to extend the validity of the model to regimes of
varying characteristics.
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A majority of the pedestrian models found in the literature are purely force-based.
Many of these models have been applied successfully in academic and industrial
settings. While, through suitable calibration, they seem to reproduce the basic prin-
ciples of the dynamics and allow for the computation of crowd statistics, we feel
that they do not capture the finer detail of the dynamics. As discussed previously,
pedestrian motion is particularly complex, and our model seems to improve on its
predecessors by faithfully replicating the rational anticipation behaviour of humans.
The immediate priority for future work will be the calibration of the parameters of
the model. Each of the mechanisms described in this work involves a number of
variables, many of which have a physical meaning. The currently known suitable
parameters for these have been found heuristically, but a more systematic approach
will be required. Different situations give rise to specific pedestrian profiles accord-
ing to the context, for instance humans move differently in a train station than they
do in a retail and leisure area. Such diverse dynamics, in addition to different den-
sity regimes, will require a range of calibrations of the model in order to provide
adaptability. Furthermore, these calibrations should be based on real-world data to
ensure fidelity.
A related line of work will involve revisiting the fundamental diagram for pedes-
trian dynamics in order to include it in the model in a more suitable way. The current
frictional effects are too pervasive, slowing down pedestrians even when the neigh-
bouring densities are low. Furthermore, they are prescriptive, as the form of the
friction is somewhat arbitrary and should be improved. A number of machine learn-
ing techniques are now available and will be used to extract a frictional term directly
from pedestrian data, rather than imposing a preconceived model.
A well-calibrated model together with an efficient implementation of the gradi-
ent formulation of (12) will yield realistic live simulations. The capacity to simulate
large crowds in real time will enable for the making of short-term predictions based
on automated sensor data, as measurements of density and flowrates can be used to
estimate an initial condition, and the model can be used to compute its evolution
in time. The applications of such predictions are manyfold, allowing the anticipa-
tion and early response to undesired phenomena. Of particular interest is the optimal
steering of crowds along different routes, which would be accomplished through au-
tomated signals able to adjust their information according to output from the model
based on data from the crowd.
The last item of interest comprises the development of mesoscopic and macro-
scopic models corresponding to the dynamics of the model presented in this work.
The first kinetic and hydrodynamic models derived from the original formulation
appeared in [20]; the comparison between these and those developed from the mod-
ified models discussed above will be relevant in understanding the properties and
scales of the different components of the dynamics. Furthermore, an understanding
of the correspondence between the microscopic and macroscopic scales could allow
for the development of a hybrid model. This would be achieved following a level
of detail principle, where the majority of a large number of pedestrians is simulated
efficiently through the macroscopic model and only the areas of particular interest
are resolved at the microscopic scale.
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